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Chapter 1 


MEANS INEQUALITIES 


Definition 1 Arithmetic mean of ay, a2,...,@n is AM = aitae ta tdn 
Definition 2 Geometric mean of a1, da2,...,dn is GM = v/a, -a2-...° Gn 


Definition 3 Harmonic mean of a1, 42,...,dn is HM = a> 
ay ag!" Tan 


Definiti d } ‘ M= a?+a34+...$a2, 
efinition 4 Quadratic mean of a1, d2,...,@n is QM = \/ +2 
Definition 5 The rth power mean of aj, @2,...,@n 1s P. = ae, 


Theorem 1 Let a; € Ry 

QM (ay, d2,..-,An) > AM (ay, ao, ...,An) > GM (ay, a2, ...,An) > HM (ay, aa, ..., dn) 
and equality holds if and only if a, = ag =... = An. 

Theorem 2 Let a; € Ry then P,, > P,-, whenever r1 > ra. 

Example 1 Let a,b,c > 0, prove that a? + b? + c? > ab+ be+ ca. 


Solution: By AM-GM inequality we have a? + b? > 2ab. Similarly, b? + c? > 2be 
and a? + c? > 2ac. Adding these three inequalities we get 


2(a? + b? +c”) > 2(ab+ be + ca) => a? + 6? +c? > abt be+ ca. 
Let’s link this result since we will use it in many problems. 


a+b?+¢ >abt+bet+ca (1.1) 


6 CHAPTER 1. MEANS INEQUALITIES 


. b 
Example 2 Prove that if a,b,c > 0, then § + 2+ 6 23. 


aybiuec 
Solution: By AM-GM we have pvets Sig ees = 1380 Boe 8 see 


b-c-a 


Example 3 Prove that for any positive real numbers a,b,c we have 


1 rs 1 rf 1 = 9 
a+b b+e cta~ 2(a+b+ec) 


Solution: By AM-HM inequality, we have 


Therefore, 
1 ' 1 4 1 = 9 
a+b b+e cta™ 2%(at+b+c) 


Example 4 Prove that if a,b,c > 0 then 


a io b fe Cc ee, 
b+te cta atb7~ 2 


(1.2) 


Solution: By the previous example we have, 


1 x 1 it 1 ike 
a+b b+c cta” 2 
at+b+e atb+e a+bt+c._ 9 
eh "pave " eka 2 
a a a 9 

D 


(a+b+c) 


—= 


IV 


1 +1+ +1> 
ie b+e b+e —~ 


a 4 a ss a oe 
b+e b+e b+ece” 2 


This inequality is called Nesbitt’s inequality. 


Example 5 Prove that 8/34 V3+ ve — 73 < 23. 


Solution: By AM — P3 we have, 


V84 V8+ V3— V3 — 3/(V3 + 13) + V3 — V8) _ 9g 
2 = 2 er 


Since the terms are not equal we have strict inequality. 


So, 734+ 73+ V73- % < 293. 


1.1. EXERCISES il 


1.1 EXERCISES 


ik 


10. 


Prove that for any positive real numbers a, b,c we have 


(a+ 2)(b+3)(c +6) > 48Vabe. 


. Prove that if a,b,c > 0, then (a+ b)(b+ c)(c+ a) > Babe. 


. Prove that if a,b,c > 0, then 


ab be ca 
at pes. 


. Prove that if a,b,c > 0, then 


ab be ca 
—+—+—2>at+bte. 
Cc a b 


. Prove that if x,y > 0 then, 


x Yy 1 


| < é 
rt+y? v2+y* ~ xy 


. Prove that (a+ 6—c)(b+c¢—a)(e+a—b) < abc if 


(a) a,b,c are sides of a triangle 


(b) a,b,c are positive real numbers. 


. Prove that if a,b,c > 0 and a? + b? +c? =3, then 


> 


Ds se 1 3 
iar iekte Phen oO" 


. Prove that if x,y,z are real numbers with z > 0, then 


xe? + y%+1227 +1 
Az 


>aetytl. 


. Prove that the inequality (3a + b +c)? > 12a(b+ c) holds for any real 


numbers a, b,c. 


Prove that if x,y,z > 0, then 


(@) pa t+yetvaSatyte 

(bt) + H+ Hd e+ e+. 

OG ters soyl tye rays: 
(d) vt+y*+ 24> xyz(/ry + /yz + 22). 


11. 


12. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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Prove that if x,y > 0, then 


1 gees. ol 
ety 4x 4y 


Let a,b,c > 0 anda+b+c< 3. Prove that 


OE fae ts ge MO gE oy at Coie 
l+a* 140% 1l4+eA727 14+a 14+b l+e 


Prove the inequality «4 + y* + 8 > 8ry for positive real numbers 2, y. 


Prove that if a and 6 are positive real numbers, then 
a n b n n+1 
(1+ 7) ++ -) Paya 


Prove that if p,q > 0 and p+ q=1, then 


fog 1.3. 25 
po t+ (q+ = : 
(+o +t P25 
Prove that if«+y+z=1 then, 
1 1 1 1 
>9. 
6G -u-ve—2) (Gap t gage trae) 2! 


Prove that if a), @2,...,@, are distinct positive real numbers and 
a, +ag+...+ a, = S, then 
S S S nr? 


+ beet > : 
S—a, S—ag S-a, n-l 


Find the minimum value of 


a1 a2 42009 
T 


| { 
l+ag+a3g+... + a2909 1l+a, + az... + A2009 a l+a,+ao+... + a2008 


where ay, Gg, ...,@2909 > 0 and aj + ag 4+... + Gao99 = 1. 


fo 
1+a4 


Prove that for any 7 € R we have < 5. 


Let x,y > 1. Prove that r/y—1I+yVr-1< ay. 


Prove the inequality ot >2 for any «ER. 


ety’ 5 2/2. 


Let « > y > 0 and zy = 1. Prove that ay, 


Prove that if ¢ > y > 0, then x + Ca ICESNE 23. 


EXERCISES 9 


. Prove that if a,b,c > 0 then aie eee ee >Satbt+e. 


bc ab 


. Prove that ifa+b+c=1, then a?+b? +c? > 3. 


. Prove that if a+b+c=3, then a? +b? +c? >3>ab+be+ca. 


. Let a,b,c be positive real numbers such that a? + b? + c? = 3. Prove that 


. Prove that the inequality 


b 2 
ater ¢e> Ett >ab+bce+ca 
holds for any real numbers a, b,c. 
. Prove that if x,y,z > 0, then 
2 2 2 
¥ z yY 4 
st5+527-4+74 


. Prove that if 2? + y? = 2, then x+y < 2. 


. Let a,b,c be positive real numbers with a® + b° + c? = 24. Prove that 
a+b+ce<6. 


: b d 4 
. Prove that if'a,b,¢ > 0, then -7.4-+ apasa + aqega Pee 
. Prove that if a+b > 1, then a+ + 64 > rt 
. Let a,b,c > 0. Prove that 
a®—at+2 | EAS 2 a 
b+e c+a a+b 
. Prove that for positive real numbers 2, y, z we have 
x y z 3 
+ + ioe 
e+2Qy+2z2 yt2z24+2e z2+2r42y 7 5 


. Prove that if a,b,c > 0, then 
4 b+ A 2 b? 2 


| | i a | | 
b2¢2 


a2 * ab? =~ be | ca ab’ 

. Prove the inequality 2\/z +1 — 2\/z < Fa <2/f/e—-2/x—1 for r > 1. 
. Prove that if a,b,c > 0 then 

1 1 1 27 


b(a + b) Tab -£6) ' a(c +a) < 2(a+b+c)?’ 
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39. Prove that for x,y > 0, 


ee eee eee ee 
(1+ Vx)? (1+ Vy)? 


— ety+2 
40. Prove that if a,b,c > 0 then 


ae+2 ; b? +2 C+2 3 
3b + 3c 3a+3b — 2° 


' 8¢+ 3a — 
41. Prove that if a,b,c > 0, then 


fet: : > J 
ab+be+ca~ atb+c 


42. Solve the system in Rt 


a+b+c+d=12 
abcd = 27 + ab+ac+ad-+ be+ bd+ cd. 


43. Solve the system in the set of real numbers 


Ax? _ 
do? +1 
Ay? _— 
4y? +1 ; 
Az? = 
4e2+1 
44. Solve the system where x,y,z € R 
2 
r+ =2y, 
x 
2 
y+ =2, 
y 
2 
z+-=22. 
z 


45. Find the positive real numbers a, y, z,t satisfying the system 


l6ayzt = (a? + y? + 2? 4 #7) (xyz + cyt + e2t + yzt), 
8 = 2ay+2z2t+az+at+ yz+ yt. 


Chapter 2 


CAUCHY-SCHWARZ 
INEQUALITY 


Theorem 3 (Cauchy-Schwarz)If x;,y; are real numbers, then 
(aj +23 +... + on )(yp +93 +--+ Yn) = (ary + vay2 + + CnYn)? 
— %2 


and equality holds if and only if a ay Sea 


Example 6 Prove that a?+b?+c? > Ce for any real numbers a, b,c. 
Solution: By Cauchy-Schwarz we have that 

(1? +17 +17)(a? +6? +07) > (1-a4+1-64+1-c)? =(a+b+0)’. 
Therefore, a? + b? + c? > (aes, 
Example 7 Let x,y,z be positive real numbers. Prove that 


x? 2 2? r+yt+zZz 
eae —— 
erty ytz z24+2 2 


Solution: By Cauchy-Schwarz inequality we have 


(Vera) + (Vara? + (WzF a (Ray + (ER + (a) 


x y z 
+VYTZ: +VETE: 
EY Vy +z Vera 


) > (xt+tyt 2). 


) <etyte’ 


(vera: 


2 2 2 
x y z 
x+y a5 ytz a Z+ax 


2 2 2 
Therefore, a ote tS ae —_ > ee 


So, what we got is (2a + 2y + 2z) ( 


11 


12 
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This is a very useful trick that can be applied to many problems. We can 
generalize this result as: 


Te Tas (ay +2%2+..+2p)? (2.1) 
Yr Ya Yn YF Y24+ ee + Yn 
Example 8 Let a,b,c > 0. Prove that a iS > ec 
peloton: We can write - = rac ond similarly _ a wba and 
aie = eee 
So by (2.1) we have 
eats at bt : A , @+P +e? PtP +e 
ab+ac be+ba ca+cb™~ 2(ab+be+ca) ~ 2 


by (1.1) as desired. 


21. 


46. 
47. 


48. 
49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 
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2.1 EXERCISES 


Prove that the inequality 2?7+y?+2? > desea 2)" holds for any x,y,z € R. 
Prove that if a,b,c > 0, then 


dhe se 
(Geb) e) = 9: 
a b oe 


Prove that if z,y > 0 and «+ 3y =1 then 2? 4+ y? > in: 


a,b,c,z,y,z are real numbers and a? + b? +c? = 16, 274+ y2 +27 = 25 
and ax + by +cz = 20. Compute *+2+¢ 


x+tyt+z" 


Prove that if a,b > 0, then /a+Vb< fet =. 


Solve the system 


t+H¢ot+..+ 2, =9 


1 1 1 
aE Paws =1 
Ly v2 Lk 


where x; € Rt. 


Prove that if a,b,c are positive real numbers with abc = 1, then 


a b eC ae 
a+b’ b+ce. cta7~2 


Prove that if x,y,z >Oandx+y+z=1, then 


1 1 1 1 
865 LY — YZ at) (, + }z9 


aty)? (ytz)?  (2+a)? 


Prove that if a,b,c > 0 then 


a b Cc 9 


@ie2 aa? aise aor ere. 


Prove that if a,b,c,d are positive real numbers, then 


Eg Eee es 64 
i DOs A Ge ane og, 


Let a,b, c,d be positive real numbers. Prove that 


J(a+e)(b+ d) > Vab+ Ved. 


Let a >c>0 and b>c>0. Prove that \/c(a —c) + V/c(b—c) < Vab. 


14 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 
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Let a,b,c > 0 with a+b+c=3. Prove that 
ja b2 Pe: 
> 1. 

Geta bend ool — 


Let a,b,c > 0 with abc = 1. Prove that 


a? b? Cc 


> 1. 
bet pe pe ~ 


Let a,b,c be positive real numbers such that a? + b? + c? = 3. Prove that 


a® b? oa 


eae 
a+2b b+2c c+2a7— 


Let a,b,c,x,y,z be positive real numbers such that «+ y+ z= 1. Prove 
that 


ax + by +. cz +27 (ry + yz + zx)(ab+ bc + ca) <atbt+e. 


Let a,b,c be positive real numbers. Prove that 


3 b3 3 2 b2 2 


a A Ne 
be | ce az = b eo a 
Prove that if a,b,c,z,y,z > 0, then 
4 4 4 4 
x z xotytz 
Bien eg Caan 
a> B® ~ (a+b+40)3 


Prove that if a,b,c are positive real numbers, then 


a o b i Cc 
a+2b b+2c c+2a7— 


Prove that if a,b,c are positive real numbers, then 


a b Cc 


| > 1. 
b+2c ct+2a at2b7— 


Prove that if a,b,c > 0, then 


a i b as Cc 
2a+b 2b+e 2t+a 


Let a,b, c,d be positive real numbers such that (a? + b?)> = c? + d?. Prove 


that 
a be 1 
acces pede 
Paar ae 


21. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


EXERCISES 


Let a,b be positive real numbers. Prove that 


at ea pt 2 L 2 


> ‘ 
ae +b? ~ a+b 


Let a,b,c > 0 with abc = 1. Prove that 


aw+ht+1l BP4+CA41 C4Ha?H+1 


t t > 3. 
a+b+1 b+ctH+1 ct+ta+l ~— 


Prove that if a,b,c,z,y,z > 0 and (a2 +0? +7)? = 27+ y? + 2, then 
A Be ae 
Sea ep Se 
££ Yy 2 


Prove that if a,b,c are positive real numbers, then 


2702 (b+c)? 
IE OO 5, 
Cc a 


Let a,b,c,d > 0 with ab+ bc + cd + da = 1. Prove that 


a? b? fou & 1 
+ + > 5. 
b+ce+d ate+d at+b+d at+bt+c7 3 


Let a1, G2, ...,@n; 61, be, ...,b, be positive real numbers such that 


ay t+agt+...+@, = b) +b24+...+b,. Show that 
at i a a ay tagt...+an 
a, + by a2 + be 7 An + bn ~ 2 , 


Let a,b,c > 0. Prove that 


a b Cc 9 


= ; 
b(b+c)? c(e+ a)? a(a+b)? ~ 4(a? + b? +c?) 


Let a,b,c > 0 with a+b+c=3. Prove that 


20 2 2 
a*(b BY a ONC AD og SET) sa 
a+b+ab b+c+be ct+a+ca 


15 


16 
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Chapter 3 


REARRANGEMENT 
INEQUALITY 


Definition 6 Let a, < ag < ... < ayn and by < bo < ... < by. The 
number A = a,b, +agbo+...+anb, is called ordered sum and the number 
B= a,bynt+aabyn_1 +... + anby is called reversed sum. And if 11, 22, ...,2n 
is a permutation of by, ba,...,bn then X = a,x, +aQ%Q+...+Gn2%y is called 


a mixed sum. 


Theorem 4 Let a, < a2 <... < dy and by < bg <... < by be given. For 
any mized sum X we have B< X <A. 


Example 9 Prove that for positive real numbers a,b,c the inequality 
a? +b? +c? > abt+be+ca holds. 


Solution: Since the inequality is symmetric, WLOG we can assume that 
a>b>c. So by Rearrangement inequality, being the ordered sum 


7+e+e=a-atb-bt+e-c>a-b+b-ct+c-a. 


Example 10 Prove that if a,b,c are positive real numbers, then 


ab be ca 
—+—+4+—>at+be+e. 
Cc a b 


Solution: WLOG, we can assume that a > b > c. Then ab > ac > be and 


i > : > 4, By Rearrangement inequality we have, 


1 1 1 1 1 1 
LHS =ab- +ac+ 7 + be: >ab-—+ ac: Pde. SEPP. 
Cc 
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Example 11 Prove that if a,b,c are positive real numbers, then 


a bp @& 
Go ee Oe 
be ca ab 


Solution: By symmetry assume that a > b > c then a? > b° > c? and 


oa > on > -. By Rearrangement inequality we have that 


1 1 
Le 
a a c 


1 1 1 
LHS =a?.— +08?.—4+c-— >a?. 
be ca ab Cc 


And again by Rearrangement inequality, being the reversed sum 
1 51 sal Bey, os ale ih 


1 
atb+c=H=a?-—4+?-—4+0-i <a?-—+0?- i +e 
a b c c a b 


Combining these two inequalities we get that 
3 p38 


—+—+—>atbte. 
be ca ab 


3.1 EXERCISES 


76. Let a,b,c be positive real numbers. Prove that 
a? + b® > ab(a +b) 

a° + b° > ab(a® + b?) 
a&&+0+c23>a2b+bc+ ca 


) 

) 

) 

) ab+be+ca> abe + bca + cvVab 
) 2 b2 
) 
) 
) 


“>atb+e 


a 
b c a= 
2 


2 2 
Dio eee te te 
(g) abc(ab + bc + ca) < a®b? + b8c? + c3a? 
a b c a b é 
(h b+e Beal aga es b+e cta’ 


77. Prove that if a,b,c are positive real numbers, then 


a b Cc 3 


b+tce cta atb7~ 2 


78. Let x; € Rt and yy, yo, ..., Yn be a permutation of 71, £2, ...,£,. Prove that 


2 2 2 
x x x 
1 2 
| beef “>a trot... + 2p. 
Y1 Y2 Yn 


79. Let £1, %2,...,%, be positive real numbers. Prove that 


ay | x3 oh 
+ +... 4 > fi ttot... + Zn. 
v2 x3 Beal 


3.1. EXERCISES 


19 
80. Let a1, a2,...,@n be distinct positive integers. Prove that 
ay ag An 1 1 
—<+-—+... > +... 4 ‘ 
ie oat Tee ay n 
81. Prove that if for any a, b,c we have 
a? b? Ce a? b? Ce a? b? Ce 
- > + 
a+b b+e cta™~ b+e ct+ta a+b” c+a_ ad b+e 


then a=b=c. 


82. Let ay = a2 = a3 and by = ba = b3. Prove that 


1 
a,b, + agb2 + a3b3 > 3 (m1 + a2 + a3)(b1 + bz + bs) 


20 
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Chapter 4 


CHEBYSHEV’S 
INEQUALITY 


Theorem 5 Let ay > a2 >... > ayn and by > bo >... > by. Then 


eR 


a 1b, +agbo+...+anbn = (ay +a2t... +n) (bi +bo+...+bn) > a,bnt+agbyn_14+...+an)1. 


n 


Example 12 Prove that a? +b? +c? > $(at+b+o)?. 
Solution: By Chebyshev’s inequality, 

eo eee 1 1 2 
ai+b°+ci=a-a+b-b+c-c> g(atbt+ lat b+e) = g(atb+e) , 


Example 13 Let a,b,c > 0. Prove that 


a oe b c 3 
b+e cta atb7~ 2 


Solution: Due to symmetry, we can assume that a > b > c then 
ihe = a = aa So by Chebyshev’s inequality we have 
a b c 1 1 1 1 
Pees aia a+b 2 amc) ere rary a+b 
And by AM-HM we have 


1, i 1 1 3 3 


) (4.1) 


2 = 4.2 
3(b4e Su ake = oe a 2(a+b+4+c) i) 
Combining (4.1) and (4.2) we get, 
a b c 3 


> nx. 
Pe ee ab 


21 


22 
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84. 


85. 


86. 


87. 
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Example 14 Prove that if a,b,c > 0 and abc = 1, then 


a b? Ce 3 


> nx. 
ip Ce ae 


Solution: WLOG, suppose that a > b > c. Then a? > b? > c? and 


ire > ota a ss. So by Chebyshev’s inequality we have, 


a? b? C 1, 4 1 1 1 
> +b? + ¢? 
b+c cta pea ee aria cay aie. 


By Example 11 and (4.2) we have that 


Daye kre apes al 1 1 (a+b+c)? 3 
= b > : — 
g(a Bs eM ee c+a ath) = 3 2(a+b+c) 
_at+bt+e = Vabe 
“<— e  D 


4.1 EXERCISES 


Prove that if a,b,c > 0. then 


34 53> Gee 


Prove that if a,b,c > 0, then 


a b Cc 3 
+ + Slee 
a+2b4+2c b4+2c+2a c+2a+2b7 5 


Prove that if a,b,c > 0, then 


a b Cc 3 
+ a tet 
a+3b+8c 6+3c+3a c+3a+3bd7 7 


Prove that if a,b,c > 0 and abc = 1, then 


a? b? Ce 3 


+ + vain 
a+2b4+2c b4+2c+2a c+2a+2b7 5 


Prove that if a,b,c > 0, then 


a? b? ; ro 5 abt bet ca 
b+e cta atb> 2 ; 


4.1. 


88. 


89. 


90. 


91. 


paar 


92. 


93. 


94. 


95. 


96. 


EXERCISES 


Prove that if a,b,c > 0 with abc = 1, then 
3 b3 3 


u Sa: 
a+b+17— 


Fo eee 


Let a,b,c,d > 0 with ab+ bc + cd+ da = 1. Prove that 


3 pb 3 ad 


a Cc 
Cc 


b+ 


Prove that if a,b,c > 0, then 


b+e cta a+b 


+ ee 
td atet+d a+b+d at+bt+c 


6 


a+3b+3c b+3c+38a c+3a+3b7 7 


Prove that if a,b,c > 0, then 


b+e cta ; a+b 


6 


a+ 2b+ 2c 


Prove that if a,b,c > 0 and abc = 1 then 


a ; b ; Cc 


| > 
b+e+l etatl at+b+17— 


b+2c+2a ' c+2a+2b— 5° 


3° 


23 


Let x,y,z be positive real numbers with xyz = 1 and a > 1. Prove that 


gt 


+ ms 
yt+z2 z+e “x+y 2 


Prove that if a,b,c > 0 with a+b+c=1, then 


a? i: b? o fo 1 
b+c2 +a at+h2 7~ 2 


Prove that if a,b,c > 0 then 


a° b° Ce (a+b+c)? 


B+) 3&+a3 
Let a,b,c > 0. Prove that 


a3 + b3 ‘ a a oe 
yd 7 ee ON a 


24 
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97. 


98. 


99. 


100. 


101. 


102. 


103. 


Chapter 5 


MIXED PROBLEMS 


Prove that if a,b,c > 0 and abc = 1, then 
1 1 


1 


SLPl1 Prepl 
Prove that if a,b,c > 0 and abc = 1, then 
1 1 


<1 
+Syeq1 = 


1 


ee geese 


Prove that if x,y,z > 0 then 
xy yz 


<1 
ct+ta+17— 


ZL 


+ 
ew+aytyz yrtyzte 
Prove that if z,y,z > 0 then 


+ < 
w+ zn+ ry 


Ze 1 


3x? + Qy? + 2? 7 3y? + 22? + 2? 
Prove that if a,b,c > 0 and abc = 1, then 
ab be 


<2. 
37 poet? =) 


ca 


<1. 
Loa. pwede akon _ 


Let a,b,c be real numbers such that a? + 6? + c? = 1. Prove that 


a? b? 


C 3 


Seo 
142be 14+2ea° 14+20b~ 5 


(IMO95/2) Let a,b, and c be positive real numbers such that abc = 1. 


Prove that 
1 1 


1 3 


a®(b+c) v b3(c+ a) 
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ee 
3(a+b) ~ 2 
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104. Let a,b,c > 0 with a+b+c=1. Prove that 


a ; b? ; fo 1 
a+b? | +2 @+a27 2° 


105. (IMO2000/2) Let a,b,c be positive real numbers with product 1. Prove 
that 


106. Prove that if a,b,c > 0 and abc = 1, then 
3 s 6 
a+b+ec7 abt+bce+ca’ 


107. Let a,b,c be positive real numbers such that abc < 1. Prove that 


108. Let a,b,c be positive real numbers such that abc = 1. Prove that 


ae, a+b 
va vb ve 


109. If a,b,c € (0,1), then prove that 


> Jat vb+ Ver+3. 


Vabe + /(1—a)(1—b)(1— 0) <1. 


110. Prove that \/a? + (b— 1)? + 0? + (e— 1)? + Ve + (a— 1? > 3% for 
arbitrary real ana a, b,c. 


111. Prove that 3(a? — ab + b?) > a? + ab +b? for any real numbers a and 6. 


112. (Russia2002) Let x,y,z be positive real numbers with sum 3. Prove that 
Vat /yt+ Vz > ryt yz + 22. 


113. Let a,b,c be positive real numbers. Prove that 


ab be a ca <atbte 
atb+2c' b+e+2a ctat2b- 4 ; 
114. Prove that 
a b? 3 at+b+e 
+ + = 
az+ab+b2 b+be+c c%+ca+a? 3 


for positive real numbers a, b,c. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 
123. 


124. 


125. 


Prove that if a,b,c > 0, then 


a® b? 


e _ 3(ab + be + ca) 


b? — be+ ce? ae 


—cat+a? 


' a2 —ab+h2 — a+b+e 


(IMO2001/2)Let a,b,c be positive real numbers. Prove that 


a 


b Cc 


Va? + 8be 


| 21 
Vb? +8ca Vc? + 8ab 


Prove that if a,b,c are positive, then 


a® + oF 


13 3 3 


a2 + b2 


c+a 
, >atbt+e. 
a 


ia ae ae 


Prove that for positive real numbers a, b, c,d the inequality holds 


Vab+ Vcd 


< V(atet+b\(at+ct+d). 


27 


Let x,y,z be positive reals with «+ y+ z= 1 and let a= /2?+ xy4+ y?, 
b= Vy? tyzt 27,c= V22 4+ 244+ 27. Prove that ab+be+ca> 1. 


Let a,b,c > 0. Prove that 
1 fs se oval 


Ob Pe et 


9 
> 
a a+b+c+ /3(ab+t be + ca) 


Let a,b,c > 0 with abc = 1. Prove that 


a+b+1 b+et+l1 


a3 


a+b? +3 Cc 


c+at+l e 
c+ae+b3 — 


at+b+ce 


If z,y > 0 and 2? + y? > 23 4 


| y*. Prove that 2° 4+ y? < 2. 


Let a,b,c be positive real numbers. Prove that 


ab? be? 


Cc 


ca 


3 


Sf ae he + 3abe > 2(a7b ae bc ae ca). 
a 


Prove that if a,b,c are positive real numbers with a+ b+c=1, then 


a> 


b° © 1 


+ 
a‘ + b4 


a Ses 
b4+ct cA+at~ 2 


Let a,b,c > 0 with abc = 1. Prove that 


a 


i a on 2 


az +2 


b?+2 c?+27 ° 
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126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


CHAPTER 5. MIXED PROBLEMS 


(Mathematical Excalibur) Let x,y, z > 1. Prove that 


4 4 4 
BOO Kh Se UR 


wi? t 12 1 > 
(MMO/2009) Let a,b,c > 0 such that ab + be + ca = 3. Prove that 


a & b % c 1 
a—be+1 B-—catl1l @-ab+17 a+b+e 


Prove that Vx, y, z € R* we have: 
5 


a 
xyz t+ yz* ~ 2 


Let x,y,z > 0. Prove that 


a ye id 
y(a? + 2y?) 2(y? + 227) u(z? + 2x7) — 
Prove that if a,b,c > 0, then 
a b c 


+ <1 
a+b4+1 b+e4+1 @+at+17 


Prove that if a,b,c > 0 with abc = 1, then 
3 


ye b? ae 
a+e+1 ~~ 


Prove that if x,y,z > 0, then 


pene a 
y2(az + y? + yz) ~ 


Let a,b,c > 0 with (a+ b)(b+ c)(c+ a) = 8. Prove that 


atb+e. 27/ a? + b8 + 3 
3 iz 3 


Let x,y,z be positive reals. Prove that 


yz ; Zu xy 
Qa? +yz | 22+ 2a | 222? + ay — 
Let x,y,z be positive reals. Prove that 
2 2 2 
# | 2 | : <1 
Qe2-+yz BWr+zn 222+ ay — 


Let a,b, x,y,z € R*. Prove that 
x Yy Zz 3 
at ae = ‘ 
ay+bz az+be ar+by~ at+b 


Chapter 6 


PROBLEMS FROM 
OLYMPIADS 


(From "Inequalities Through Problems’-Hojoo Lee) 
1 (BMO 2005, Proposed by Serbia and Montenegro) (a,b,c > 0) 


ae on 4(a — b)? 
— p42 Serb pet = 
b Cc a at+b+e 


2 (Romania 2005, Cezar Lupu) (a,b,c > 0) 


Gere Ae Daas 
a? b2 ce —~a be 


3 (Romania 2005, Traian Tamaian) (a,b,c > 0) 


a b Cc d 
>1 
etd aoe ae ene — 


4 (Romania 2005, Cezar Lupu) (a +b+ce 4 + ; + 4, a,b,c > 0) 


3 
a+b+c> — 
abc 


b)(b+c)(c+a), a,b,c > 0) 
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6 (Romania 2005, Robert Szasz) (a+b+c=83, a,b,c > 0) 


a”b?c? > (3 — 2a)(3 — 2b)(3 — 2c) 


7 (Romania 2005) (abc > 1, a,b,c > 0) 


1 1 1 
l-o¢h Lebee Prete a 


8 (Romania 2005, Unused) (abc = 1, a,b,c > 0) 


IV 


a a b o c 3 
b(c+1) c(at+1) at(b+1)~ 2 


9 (Romania 2005, Unused) (a+ b+c>%+2+ £, a,b,c >0) 
atc ba cb 3 
| + > 
b(c+a) cla+b) a(b+c) ~ 2 


10 (Romania 2005, Unused) (a+ b+ c=1, a,b,c >0) 


a sf b i Cc ae 
Jb+c Veta vVat+b” V2 


11 (Romania 2005, Unused) (ab+ bc+ ca + 2abc = 1, a,b,c > 0) 


3 
Vab+ vVbe+ Vea > 5 


12 (Chzech and Solvak 2005) (abc = 1, a,b,c > 0) 


a b Cc 
GLO) Grier) era 


3 
> 
— 4 


13 (Japan 2005) (a+b+c=1, a,b,c >0) 


a(l+b—c)? +b(1+c—a)?+c(1+a—b)? <1 


3l 


14 (Germany 2005) (a+ 6+c=1, a,b,c> 0) 


9 Ucar 
a b 6b 


> 
~1l-a 1-b 1-e 


) l+a 1+b 1l1+e 


15 (Vietnam 2005) (a,b,c > 0) 
a on b Red mn gee: 
a+b b+e ct+ta/} ~ 8 


16 (China 2005) (a+ b+c=1, a,b,c >0) 


10(a? +b? +c?) — 9(a° +b +-c°) > 1 


17 (China 2005) (abcd = 1, a,b,c,d > 0) 


1 1 1 1 
>1 
(Gta? Ape” dae? eae 


18 (China 2005) (ab + bc+ ca = $, a,b,c > 0) 


1 1 1 
Q=M Rowe 2 See = 


19 (Poland 2005) (0 < a,b,c <1) 


a a b fe Cc 2 
be+1 cat+l1 ab4+17— 


20 (Poland 2005) (ab + bc + ca = 3, a,b,c > 0) 


a® + 6° +3 + babe > 9 


21 (Baltic Way 2005) (abc = 1, a,b,c > 0) 


a b Cc 
+ 


<1 
er. Ro ce +2 — 
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22 (Serbia and Montenegro 2005) (a,b,c > 0) 
a b c 3 

+ ee 24) lat b+ ¢ 

Vb+e Veta Vatb 3! ) 


23 (Serbia and Montenegro 2005) (a+b+c=3, a,b,c >0) 


Va+vb+ Ve> abt be+ca 


24 (Bosnia and Hercegovina 2005) (a+b+c=1,a,b,c > 0) 
= 1 

avb + b/e+ e/a < — 

Veteva< B 


25 (Iran 2005) (a,b,c > 0) 


26 (Austria 2005) (a,b,c,d > 0) 


1 < 1 1 1 a+b+c+d 
ee BF B8 Bd abcd 


27 (Moldova 2005) (a* + +4 c* = 3, a,b,c > 0) 


1 n 1 & 1 aa 
4—ab 4-—be 4-ca7 


28 (APMO 2005) (abc = 8, a,b,c > 0) 
a? b? Ce 4 


J(1 + a3) (1 + 6) = J (1+ 03)(1 + 3) “ J/(1+)(1 + a3) < 3 


29 (IMO 2005) (xyz > 1,2,y,z > 0) 


ee 5 2 


5 4,2 = 
oe ee ee ee ee 
x? + y? + 2? y> +224 2? eP+ar+y? 


30 (Poland 2004) (a+b+c=0,a,b,c € R) 


Perea ah +3 > babe 


31 (Baltic Way 2004) (abc = 1,a,b,c > 0,n € N) 


1 1 1 


<1 
om +oPtl! wpe tl !) Masi a 


32 (Junior Balkan 2004) ((z,y) € R? — {(0,0)}) 


2/2 xr+y 
SS. 
gap ee = ay Pye 


33 (IMO Short List 2004) (ab+ bc + ca = 1, a,b,c > 0) 
1 1 1 1 

(iret fi +6c+ jt +60< a 

a b c abc 


34 (APMO 2004) (a,b,c > 0) 


(a? + 2)(b? + 2)(c? + 2) > 9(ab + be + ca) 


35 (USA 2004) (a,b,c > 0) 


(a? —a? +3)( —b? +3)(8 —e2 +3) > (atb+c)? 


36 (Junior BMO 2003) (2,y,z > -1) 


142? 14+%? 14+2? 
Ll+tyt+2? l+zt+a? 1ltaty?~ 


37 (USA 2003) (a,b,c > 0) 


(Qa+b+c)? z (2b+c+a)? i (2e+a+tb)? 26 
2a +(b+c)? 2b? +(c+a)? 22%+ (a+b)? — 


34 CHAPTER 6. PROBLEMS FROM OLYMPIADS 


38 (Russia 2002) (x +y+2=3, x,y,z >0) 


Vet Jyt+Vz> ay + yz+ zx 


39 (Latvia 2002) (Ce tie toate =lbabed> 0) 


abcd > 3 


40 (Albania 2002) (a,b,c > 0) 


14+ V3 
3V3 


1 1 1 
(442) (24742) satbees a? + b? + ¢? 


41 (Belarus 2002) (a,b,c,d > 0) 


2\ad — be| 


ED OD Taare) 


52 V8+R4+VI4+ 2 > J(ate? + (b+? 


42 (Canada 2002) (a,b,c > 0) 


43 (Vietnam 2002, Dung Tran Nam) (a? + b?4+ c? = 9, a,b,c € R) 


2(a+b+c)—abe < 10 


44 (Bosnia and Hercegovina 2002) (a? +b? + c? = 1,a,b,c € R) 


a? f b? % Ce 3 
14+2be 14+2ca 1+4+2ab7 5 


45 (Junior BMO 2002) (a,b,c > 0) 


1 a 1 3: 1 _ 27 
b(ia+b)  clb+c) a(ct+a) ~ 2(a+b+c)? 


35 


46 (Greece 2002) (a? +b? +c? =1, a,b,c > 0) 


a b c 3 2 
= bvb ) 
weiter twee 2a leet Vb+cfe 


47 (Greece 2002) (bc 4 0, ee > 0, a,b,c ER) 


10(a? + b? + c? — bc*) > 2ab 4+ 5ac 


48 (Taiwan 2002) (a,b,c,d € (0, 4]) 


abcd 3 a* + b* + ¢* +d? 
(l—a)(1—b)(1—c)(1-d)~ (1—a)*#+(1—-))4+(-c)*+(1-d)4 


49 (APMO 2002) (7+ 5 +2=1, 2,y,z>0) 


z 


Vatyzt Vyt zat Jet ay > Jryzt+ Vet Vyt+ vz 


50 (Ireland 2001) («+ y= 2, x,y > 0) 


xy? (x? 4 y”) < 9. 


51 (BMO 2001) (a+ 6+ c > abc, a,b,c > 0) 


a+b? +c? > V/3abe 


52 (USA 2001) (a? +b? +c? + abc = 4, a,b,c > 0) 


0<ab+bc+ca— abe < 2 


53 (Columbia 2001) (x,y € R) 


8(a ty +1)? +1> sary 
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54 (KMO Winter Program Test 2001) (a,b,c > 0) 


J (a2b + be + c2a) (ab? + bc? + ca?) > abet 4/(a3 + abc) (b3 + abc) (c3 + abc) 


55 (KMO Summer Program Test 2001) (a,b,c > 0) 


Jat +b44+ 44 Va2b? + Re + 2a2 > Va3b + e+ Ba+ Vab3 + be? + ca? 


56 (IMO 2001) (a,b,c > 0) 


a b Cc 


se + el 
Va2+8be Vb? +8ca Vc2+ 8ab 


6.1 Years 1996 ~ 2000 


57 (IMO 2000, Titu Andreescu) (abc = 1, a,b,c > 0) 
1 
(« 1+5) (0 +2) (« 1+ Js 
b Cc a 
58 (Czech and Slovakia 2000) (a,b > 0) 


spters (++3) ee eae? 


59 (Hong Kong 2000) (abc = 1, a,b,c > 0) 


Lab? Ltbe? | 1+ ca? 18 
CG a Bb — 48428 


60 (Czech Republic 2000) (m,n € N, x € [0,1]) 


Gee eet uluerst 
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61 (Macedonia 2000) (2, y, z > 0) 


ety? +27 > V2 (cy + yz) 


62 (Russia 1999) (a,b,c > 0) 


a2+2be bo? + 2ca : Cc? + 2ab 


>3 
yu eg? a? + b2 


63 (Belarus 1999) (a? +b? +c? =3, a,b,c > 0) 


1 ; 1 1 s 3 
Lab Tbe Pen 9 
64 (Czech-Slovak Match 1999) (a,b,c > 0) 


a i. b é c >] 
b+2c ct+2a at+2b— 


65 (Moldova 1999) (a,b,c > 0) 


ab - be t ca a b Cc 
c(c+a) afa+b) b(b+c)~ c+a b+a_ c+b 


66 (United Kingdom 1999) (p+q+r=1, p,q,r > 0) 


7(pq + qr + rp) < 2+ 9par 


67 (Canada 1999) (x+y+2z=1, z,y,z>0) 


4 
2 2 2 
r r< — 


68 (Proposed for 1999 USAMO, [AB, pp.25]) (z,y,z > 1) 


2 2 2 
gt F2uz ay +228 2 +2xy > ( eytyz+znr 


ryz) 
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69 (Turkey, 1999) (c > b>a>0) 


(a + 3b)(b + 4c)(c + 2a) > 60abc 


70 (Macedonia 1999) (a? +b? +c? =1, a,b,c > 0) 


1 
atb+c+— >4v3 
abc 


71 (Poland 1999) (a+b+c=1, a,b,c >0) 


a? +b? +? +2V3abe < 1 


72 (Canda 1999) (1x+y+2z=1,2,y,z > 0) 
eytyzt2n< = 
~ 27 


73 (Iran 1998) € + i +222, ¢y,2> 1) 


Vetytz>Ve—-1+VJy-1l+vz-1 


74 (Belarus 1998, I. Gorodnin) (a,b,c > 0) 
ANG ance ey SG aS OT} 
bo c¢c a b+e atb 


75 (APMO 1998) (a,b,c > 0) 


(1+) (+2) (1+ 5) 22(1+ ee) 


76 (Poland 1998) (a+b+cet+tdte+f=1, ace + bdf > ziz a,b, c,d, e, f > 0) 


1 
abc + bcd + cde + def +efa+t fab< 36 


6.1. YEARS 1996 ~ 2000 


77 (Korea 1998) (v+y+2z= xyz, x,y,z > 0) 
1 1 ; 1 ae 
Vite Vl+y vVit¢2~ 2 


78 (Hong Kong 1998) (a,b,c > 1) 


Ja—1+Vb—14 Ve-1 < Velab+1) 


79 (IMO Short List 1998) (xyz = 1, x,y,z > 0) 


fod y? 23 


(1+ y)(1+ 2) | (ayia) (l+2)(1+y) 


3 
> 
— 4 


80 (Belarus 1997) (a,2,y, z > 0) 


a+y a+ z a+xz a+ z atx a+y 
z+ y+ zZ2zu+yt+2z2 z+ y+ z 
a+xz a+xz a+y a+ z at+y a+ z 


81 (Ireland 1997) (a+ b+ c > abc, a,b,c > 0) 


a? +b? + > abe 


82 (Iran 1997) (a1 x9%304 = 1,21, 12,213,204 > 0) 


3 3 3 3 1 1 1 1 
T+@+ 23+ 24 > mar |r, +%2+%34+ La, + + + 
bal v2 v3 LA 
83 (Hong Kong 1997) (xz, y, z > 0) 


3+ V3 . aye(ety+zt xu? + y? + 27) 
9 7 tty? t Dey tua + 22) 


84 (Belarus 1997) (a,b,c > 0) 
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85 (Bulgaria 1997) (abc = 1, a,b,c > 0) 


1 ; 1 ef 1 re 1 ae 1 1 
ltatb 1+b+c° 1l+tcta~2+a 24+b' 24+e 


86 (Romania 1997) (xyz =1, x,y,z > 0) 


x+y? y+ 29 2+? s 
xr® + x3 y3 + yS y® + yz? + 26 78 + z3q73 + 76 = 


87 (Romania 1997) (a,b,c > 0) 


a2 b? C be ca ab 


! STS | | 
a2 + 2be a b274+2ca ce? +2ab ~~ 7 a2 +-2be) «02 +2ca— ce? + 2ab 


88 (USA 1997) (a,b,c > 0) 


1 1 1 1 
oS . 
a habe ee abe uate abc 


89 (Japan 1997) (a,b,c > 0) 


(b+ ¢—a)? 
(b+e2 +a 


IV 


(cta~b)? | (a+b—c)? _ 3 
(cta)?+b? (a+b)? +c? ~ 5 


90 (Estonia 1997) (z,y € R) 


rt+yt+l>aVytityv2?4+1 


91 (APMC 1996) (x+y4+2+t=0,27? +y?+27+? =1,2,y,2,t € R) 


—-l<aytyzt+2t+trc <0 


92 (Spain 1996) (a,b,c > 0) 


a? +b? +c? —ab— be —ca > 3(a—)(b—c) 
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93 (IMO Short List 1996) (abc = 1, a,b,c > 0) 


ab be ca 
+ <1 
a&+b+ab bb +e+be &+a4+ca7 


94 (Poland 1996) (a+b+c=1, a,b,c > —#) 


a b Cc 9 
+ | < 
atl be+1 c+ 10 


95 (Hungary 1996) (a+ b=1, a,b >0) 


Gee ue 1 


{ > 
a+1l 6b4+17 3 


96 (Vietnam 1996) (a,b,c € R) 


A 


(at+b)i+(b+c)*+(ce+a)* > = (at +b4 +4) 


97 (Bearus 1996) («+ y+ z= \/ryz, @,y,z > 0) 


cytyz+2n > 9at+ytz) 


98 (Iran 1996) (a,b,c > 0) 


1 1 1 
(ab + bc + ca) Ie +o: 2 eee = 


99 (Vietnam 1996) (2(ab+ ac+ ad + be + bd + cd) + abc + bed + cda + dab = 
16,a,b,c,d > 0) 


2 
a+b+c+d> 3 (ab + ac + ad + be + bd + cd) 
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6.2 Years 1990 ~ 1995 


Any good idea can be stated in fifty words or less. S. M. Ulam 


100 (Baltic Way 1995) (a,b,c, d > 0) 


Pr Gs OT Gg Cae d+b 
a+b b+ce ct+d d+a7 


101 (Canda 1995) (a,b,c > 0) 


a+b+c 
a*b’co > abe 3 


102 (IMO 1995, Nazar Agakhanov) (abc = 1, a,b,c > 0) 


1 re 1 4 1 _ 3 
ak(b+c) bB(c+a) (a+b) 7 2 


103 (Russia 1995) (x,y > 0) 


1 & x 4. y 
cy v*+y?  yt+x? 


104 (Macedonia 1995) (a,b,c > 0) 
a | | b | C5 
b+e c+a a+b ~ 


105 (APMC 1995) (m,n EN, x,y > 0) 


(n—1)(m—1)(a"t™4y"t™) 4+ (nt+-m—1)(a"y™+a™y") S nm(art™—lytay t™—1) 


106 (Hong Kong 1994) (ry + yz 4+ za = 1, x,y,z > 0) 


tay des y= le) ta ays 
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107 (IMO Short List 1993) (a, b,c,d > 0) 
a b c d 2 
+ + + > 
b6+2c+3d ct+2d+3a d+2a+3b a+2b4+3c7 3 


108 (APMC 1993) (a,b > 0) 


2 — 3 
(“*) — at Verb + Vale +b a+ Vab+b — (= -*) 
2 = 4 7 3 io 2 


109 (Poland 1993) (z,y,u,v > 0) 


DY OY a cy ww 


T+ytutv ~~ “e“+y utv 


110 (IMO Short List 1993) (a+b+c+d=l1, a,b,c,d>0) 


1 176 
da + dab < — + —ab 
abc + bed + cda a Sart a7 abed 


111 (Italy 1993) (0 < a,b,c <1) 
e+e 4+e<ab+bet+Catl 


112 (Poland 1992) (a,b,c € R) 
(a+b—c)?(b+e—a)?(e+a—b)? > (0? +8? —c?)(? +c? —a7)(e? +a? — 87) 


113 (Vietnam 1991) (> y>z>0) 


2 2 2 
Sd Ee 2 a ae a 
z x y 


114 (Poland 1991) (2? 4+ y? + 2? =2, x,y,z € R) 
ety+2z2<24 x2yz 


115 (Mongolia 1991) (a? + 6? +c? = 2, a,b,c ER) 
la? + 6? + 3 — abe] < 2V2 


116 (IMO Short List 1990) (ab+ bc+ cd+ da =1, a,b,c,d > 0) 
a b? : ro 2 = 
bpetd ” efdte at+tb+c 8 


Gd 2g 
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6.3. Supplementary Problems 


117 (Lithuania 1987) (x,y, z > 0) 


x? y? 2° oer ee 


+ + 
at+ayty? ytyzt2?  2tezrt+a? — 3 


118 (Yugoslavia 1987) (a,b > 0) 


(a+b)? + 4(a+d) > avb+bVa 


NlR 


119 (Yugoslavia 1984) (a,b,c,d > 0) 


a b c d 


| >2 
b+e a ean aoe 


120 (IMO 1984) («+ y+z=1, x,y,z >0) 


7 
OS ay + yx + 2a — 2nyz < a 


121 (USA 1980) (a,b,c € {0, 1]) 


a b Cc 


1 (Be) et 
ett ela eee Oo 


122 (USA 1979) (a+y4+2z=1, 2,y,z>0) 


1 
a + y? + 23 4 6ayz > 7 
123 (IMO 1974) (a,b,c,d > 0) 
a b Cc d 


1l< 2 


< 
(ibid. Fecee bie ae 
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124 (IMO 1968) (21,22 > 0, y1, yo, 21, 22 € R,riy1 > 217, Lay2 > 22”) 


1 1 8 
> 
LyY1 — 217 Layo — 2g? ~ (41 + 22)(yi + yo) — (41 + 22)? 


125 (Nesbitt’s inequality) (a,b,c > 0) 


a £ b 4. Cc g3 
b+e cta a+b” 2 


126 (Polya’s inequality) (a 4 b,a,b > 0) 


5 (2vab + 5") ss Inb—lna 


~ b-a 


127 (Klamkin’s inequality) (—1 < 2,y,z <1) 


1 1 
(—a(i-y—z) A+ajd+yt2) - 


128 (Carlson’s inequality) (a,b,c > 0) 


eee = | 
8 = 3 


129 ({ONI], Vasile Cirtoaje) (a,b,c > 0) 


45 


ob) OE (ond a) (4d olor 


130 ({ONI], Vasile Cirtoaje) (a,b,c,d > 0) 


a awe Ci ee can 
b+e c+td dt+a a+b 
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131 (Elemente der Mathematik, Problem 1207, Sefket Arslanagi¢) 
(x,y,z > 0) 
x z L+ytzZ 
ge 
yz & LYzZ 


132 (VWURZEL, Walther Janous) (1+ y+z=1, x,y,z > 0) 


(l+z)(1+y)(1+ 2) >(1-2#*)? + (l—-y?)? + (1-2?) 


133 (VWURZEL, Heinz-Jiirgen Seiffert) (ry > 0,x,y € R) 


Qxry x? + y? zty 
4/ See ee 
gage 2 ara 2 


134 (/WURZEL, Sefket Arslanagié) (a,b,c > 0) 


a? : Dae es a+b+c)* 


( 
cy 2 8(@+y+z) 


135 (/WURZEL, Sefket Arslanagié) (abc = 1, a,b,c > 0) 


1 1 1 
a? (b+c) a pea) © Bae) 


3 
Sos 
=2 


136 (/WURZEL, Peter Starek, DonauwGrth) (abc = 1, a,b,c > 0) 


1 1 1 1 
Pie he = eb) heh) (bere 1. 
c 2 


137 (/WURZEL, Peter Starek, Donauworth) (x+y+z = 3,27+y?+2? = 
7, xz, Y) z > 0) 
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138 (/WURZEL, Sefket Arslanagié) (a,b,c > 0) 


b+1 e+1 atl a+b+e4+3 


a b c 5 3latbte 


139 (a,b > 0) 


a?(b+1)+0°(a+1) > a7(b+ 67) +B (a +07) 


140 (Latvia 1997) (n EN, a,b,c > 0) 


1 é: 1 deans 1 2 n 
a+b a+2b a+nb a(a + nb) 


141 ([ONI], Gabriel Dospinescu, Mircea Lascu, Marian Tetiva) (a,b,c > 
0) 
a? + b? +c? + 2abe+3 > (1+ a)(1+0) +0) 


142 (Gazeta Matematica) (a,b,c > 0) 


Vat + a2b2 + bt+y/b! + Bed + A+ c4 + 2a2 +44 > av/2a2 + be+b/ 2b? + cater 2c2 + ab 


143 (C!2362, Mohammed Aassila) (a,b,c > 0) 


a “6 b i Cc 2 3 
1+6 tl+ce 1+a~ 1+abe 


144 (C2580) (a,b,c > 0) 


Dae S 
a b - 


145 (C2581) (a,b,c > 0) 


1CRUX with MAYHEM 


48 CHAPTER 6. PROBLEMS FROM OLYMPIADS 


146 (C2532) (a? + b? +c? =1, a,b,c > 0) 


147 (C3032, Vasile Cirtoaje) (a? + b? +c? =1, a,b,c > 0) 
1 1 1 9 


< 
Resae ee l—ca™” 2 


148 (C2645) (a,b,c > 0) 


2(a° +b? +c?) 9(at+b+c)? 59h 
abc (a? + b? +c?) ~ 


149 (x,y € R) 
(xt+y)A—xy) — 1 
(1+ a7)(1+y?) 7 2 


1 
< 
_ 


150 (0<a,y<1) 


v+y*>1 


151 (x,y,z > 0) 


je—yl+ly—2ltle—al , ety te 
— 3 


a/LYZ + 3 


152 (a,b,c,x,y,z > 0) 


Vata(b+y)(c+z) > Vabe+ varyz 


153 (2,y,z > 0) 


x z 
<1 


y 
ot J@+y@t®) yt VGtOGt®) 2+V@rOetD 
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154 (ety+z=1, x,y,z >0) 


x 


y i Zz > 3 
Ji-a Vi-y vVi-z~ V2 


155 (a,b,c € R) 


JFEO-0F + PHO =o + VFF Uap > 


156 (a,b,c > 0) 


Ja? —ab+b? + Jb? —be+ 2 > Vae+act+ 2 


157 (cy+yz+20 =1, x,y,z >0) 


Oe, ag 28 > 2a(1 — 2?) FS 2y(1 — y?) fr 22(1 — z?) 
l+a? l+y? 1+2? (1+ 22)? (1+ y?)? (1+ 22)? 


158 (,y,z > 0) 


vyz > (ytz—a)(z+ta—y)(@+y— 2) 


159 (a,b,c > 0) 


Vab(a + b) + V/be(b + c) + Vca(et+ a) > \/4abe + (a + b)(b+ c)(c + a) 


160 (Darij Grinberg) (z,y,z > 0) 


(VeW+2) + Vue +a) + Veet 9) vet ute 2 WUT EF a) Fy). 


161 (Darij Grinberg) (zx, y, z > 0) 


VIER oo NEE a OY A(x +y+2z) . 
x y z Vy +2) (+2) (@+y) 


50 CHAPTER 6. PROBLEMS FROM OLYMPIADS 


162 (Darij Grinberg) (a,b,c > 0) 


a? (b+ c) b? (c +a) c? (a+b) 2 


(b? + c?)(2a+b4+c)  (c%?+a?)(2b+c+a) i (a? + b?) (2c +a+ b) . 3 


163 (Darij Grinberg) (a,b,c > 0) 


a? b? Ce 2 


2 zt 2 z+ 2 Bm ge 
2a7+(b+c) 2b?+(c+a)” 2c?+ (a+b) 


164 (Vasile Cirtoaje) (a,b,c € R) 


(a? + b? +.¢?)? > 3(a%b + b8c+ ca) 


